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            Abstract
          
        

        
          In this paper, we propose an optimal anchor placement method in ground-based multilateration systems using reference-independent least squares, which averages the target estimates from all possible reference anchor selections. Based on the reference-independent least squares solution and error variance analysis, we introduce a target-independent cost function for anchor placement under the practical assumption that all anchors are approximately the same distance from the target in ground-based systems. The optimal anchor placement for a given boundary is then obtained by minimizing the cost function via a heuristic search algorithm, such as the Modified Reinforcement Learning Algorithm (MORELA). Simulation results show that the estimated target position using the proposed anchor placement outperforms the positions estimated with randomly placed anchors within the given boundary in terms of Mean Squared Error (MSE).

        

        
          
            초록
          
        

        
          본 논문에서는 지상 센서 기반 다중측위(Multilateration) 시스템에서, 선택 가능한 모든 참조 앵커로부터 산출된 표적 위치 추정치를 평균화하는 참조 독립 최소제곱(Reference-independent least squares)을 이용하여 앵커 배치를 최적화하는 방법을 제안한다. 참조 독립 최소제곱해와 오차 분산 분석을 바탕으로 지상 기반 센서 시스템에서 모든 앵커가 표적과 거의 동일한 거리에 위치한다는 실용적 가정하에 앵커 배치를 위한 표적 독립적 비용함수를 도입한다. 이어서 주어진 경계 영역에서의 최적 앵커 배치는 MORELA(Modified Reinforcement Learning Algorithm)과 같은 휴리스틱 탐색 알고리즘을 통해 해당 비용을 최소화함으로써 도출된다. 시뮬레이션 결과, 제안한 앵커 배치를 사용하여 추정한 표적 위치는 평균제곱오차(MSE) 측면에서 주어진 경계 내에서 여러 무작위로 배치 시나리오보다 일관되게 우수함을 보였다.
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      Ⅰ. Introduction
      Multilateration is a localization technique that estimates the position of an unknown target from the measured distances to a set of sensors (referred to as anchors) with known coordinates [1]. Several studies have investigated target position estimation from a set of quadratic equations derived from these distances [2]-[4]. Perhaps the most practical method is Linear Least Squares Multilateration (LLSM), which is based on linearizing the quadratic equations with respect to a chosen reference anchor [5].

      The performance of LLSM is heavily influenced by the geometrical arrangement of anchors, and it often fails to accurately estimate a three-dimensional target position in ground-based systems where all anchors are confined to a two-dimensional plane. For example, in Unmanned Aerial Vehicle (UAV) localization, anchors are typically ground-based because deploying nodes at flight altitude is impractical (power/backhaul, maintenance aloft) and restricted by airspace safety and regulations [6][7]. Due to the practical importance of ground-based systems, several solutions have been proposed to adapt LLSM for such scenarios. One effective approach, described in [7], involves first estimating the x and y coordinates of the target using linear least squares, followed by solving a quadratic equation to determine the z coordinate.

      While optimal anchor placement for LLSM has been studied, most research relies on Cramér-Rao lower bound (CRLB) analysis across various scenarios. Previous works on optimal anchor placement can be categorized into three groups: bearing-based studies that use only angle-of-arrival information [8]-[10] unconstrained range-based studies that assume no spatial limits [11]-[13] and boundary-constrained studies that incorporate physical deployment limits [3],[14][15]. All of these works assume prior knowledge of the target position. Moreover, performance depends on the choice of reference anchor, which itself depends on the target position. Therefore, it is desirable to design an anchor placement strategy that is optimal on average for arbitrarily positioned targets and reference anchors, without requiring prior target position knowledge.

      In this paper, we propose a strategy for optimal anchor placement in ground-based LLSM that eliminates the need for prior knowledge of the target position and the selection of a specific reference anchor. To achieve insensitivity to the choice of reference anchor, we compute the averaged target estimation across all reference anchors [5] and analyze the associated error variances.

      Given the characteristics of ground-based multilateration, we assume the target’s height is sufficiently large, rendering the contributions of the x and y coordinates to the error variance negligible. Leveraging this assumption, we derive a target-independent cost function for optimal anchor placement. However, systematically identifying the optimal anchor configuration that minimizes this cost function remains challenging, particularly for arbitrary anchor placement boundaries.

      To address this, we employ a heuristic search method, specifically the Modified Reinforcement Learning Algorithm (MORELA), which is grounded in reinforcement learning principles [16], to find anchor placements that minimize the cost function for a given boundary.

      Simulation results demonstrate that the target positions estimated using our proposed anchor placement strategy significantly outperform those derived from randomly placed anchors, achieving lower mean squared error (MSE) across various anchor boundary configurations.

    

    

  
    
      Ⅱ. Ground-based Anchor Placement Optimization
      
        2.1 System model
        Consider N anchors deployed in the x-y plane with known positions ai=xi,yi,0T, for i=1,…,N, and a target with unknown position t=xt,yt,ztT.Multilateration estimates the target position using noisy distance measurements from the target to each anchor, expressed as
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        where εi denotes i.i.d. zero-mean Gaussian noise with variance σ2.

        In linear least squares multilateration (LLSM), linearization of Eq. (1) is performed by subtracting the distance d^r from a chosen reference anchor ar from all other d^i. The performance of LLSM depends on the reference anchor selection, with the anchor closest to the target typically yielding the lowest mean squared error (MSE). Since the target position is unknown, [13] proposes averaging the target estimates obtained by using each anchor as the reference. The averaged target estimate is derived by solving the least-squares equation:
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        where ⋅† denotes the pseudo-inverse, A is an N2×3 matrix with rows xi-xj, yi-yj, zi-zj for 1≤i<j≤N, and b is an N2×1 vector with entries d^j2-d^i2+ai2-aj2.

        As shown in Eq. (3), the z-coordinate of the target can be obtained by averaging the distances from all anchors.
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        To analyze the error variance, we solve Eq. (2) explicitly. Let x:=x1,…,xNT and y:=y1,…,yNT represent the vectors of the anchors’ x and y coordinates, respectively. The sample means and variances are defined in Eqs. (4)~(7).
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        Using the definitions in Eqs. (4)~(7), the estimation errors for the target coordinates x and y are derived as shown in Eqs. (8) and (9).

        
          
            
              	
                
                  
                    
                      
                        
                          
                            x
                          
                          ^
                        
                      
                      
                        t
                      
                    
                    -
                    
                      
                        x
                      
                      
                        t
                      
                    
                    =
                    
                      
                        1
                      
                      
                        
                          
                            N
                            -
                            1
                          
                        
                      
                    
                    
                      
                        
                          
                            ∑
                            
                              i
                              =
                              1
                            
                            
                              N
                            
                          
                          
                        
                        
                          
                            K
                          
                          
                            x
                            ,
                            i
                          
                        
                        
                          
                            
                              
                                d
                              
                              
                                i
                              
                            
                            
                              
                                ε
                              
                              
                                i
                              
                            
                            +
                            
                              
                                1
                              
                              
                                2
                              
                            
                            
                              
                                ε
                              
                              
                                i
                              
                              
                                2
                              
                            
                          
                        
                      
                      
                        
                          
                            S
                          
                          
                            x
                          
                        
                        
                          
                            S
                          
                          
                            y
                          
                        
                        -
                        
                          
                            S
                          
                          
                            x
                            y
                          
                          
                            2
                          
                        
                      
                    
                  
                
              
              	
                (8) 
				
              
            

          

        

        
          
            
              	
                
                  
                    
                      
                        
                          
                            y
                          
                          ^
                        
                      
                      
                        t
                      
                    
                    -
                    
                      
                        y
                      
                      
                        t
                      
                    
                    =
                    
                      
                        1
                      
                      
                        
                          
                            N
                            -
                            1
                          
                        
                      
                    
                    
                      
                        
                          
                            ∑
                            
                              i
                              =
                              1
                            
                            
                              N
                            
                          
                          
                        
                        
                          
                            K
                          
                          
                            y
                            ,
                            i
                          
                        
                        
                          
                            
                              
                                d
                              
                              
                                i
                              
                            
                            
                              
                                ε
                              
                              
                                i
                              
                            
                            +
                            
                              
                                1
                              
                              
                                2
                              
                            
                            
                              
                                ε
                              
                              
                                i
                              
                              
                                2
                              
                            
                          
                        
                      
                      
                        
                          
                            S
                          
                          
                            x
                          
                        
                        
                          
                            S
                          
                          
                            y
                          
                        
                        -
                        
                          
                            S
                          
                          
                            x
                            y
                          
                          
                            2
                          
                        
                      
                    
                  
                
              
              	
                (9) 
				
              
            

          

        

        where

        
          
            
              	
                
                  
                    
                      
                        d
                      
                      
                        i
                      
                    
                    :
                    =
                    
                      
                        
                          
                            a
                          
                          
                            i
                          
                        
                        -
                        t
                      
                    
                  
                
              
              	
                (10) 
				
              
            

          

        

        
          
            
              	
                
                  
                    
                      
                        K
                      
                      
                        x
                        ,
                        i
                      
                    
                    :
                    =
                    
                      
                        S
                      
                      
                        y
                      
                    
                    
                      
                        
                          
                            x
                          
                          -
                        
                        -
                        
                          
                            x
                          
                          
                            i
                          
                        
                      
                    
                    -
                    
                      
                        S
                      
                      
                        x
                        y
                      
                    
                    
                      
                        
                          
                            y
                          
                          -
                        
                        -
                        
                          
                            y
                          
                          
                            i
                          
                        
                      
                    
                  
                
              
              	
                (11) 
				
              
            

          

        

        
          
            
              	
                
                  
                    
                      
                        K
                      
                      
                        y
                        ,
                        i
                      
                    
                    :
                    =
                    
                      
                        S
                      
                      
                        x
                      
                    
                    
                      
                        
                          
                            y
                          
                          -
                        
                        -
                        
                          
                            y
                          
                          
                            i
                          
                        
                      
                    
                    -
                    
                      
                        S
                      
                      
                        x
                        y
                      
                    
                    
                      
                        
                          
                            x
                          
                          -
                        
                        -
                        
                          
                            x
                          
                          
                            i
                          
                        
                      
                    
                  
                
              
              	
                (12) 
				
              
            

          

        

        In Eqs. (10)~(12), di represents the true distance between the i-th anchor and the target, while Kx,i and Ky,i denote geometric coefficients that depend on the sample variances and covariance of the anchor positions. Note that Eqs. (13)~(15), the summation of Kx,i and Ky,i over all anchors are zero, and their squared sums are proportional to the spatial variances of the anchor distribution.

        
          
            
              	
                
                  
                    
                      
                        ∑
                        
                          i
                          =
                          1
                        
                        
                          N
                        
                      
                      
                    
                    
                      
                        K
                      
                      
                        x
                        ,
                        i
                      
                    
                    =
                    
                      
                        ∑
                        
                          i
                          =
                          1
                        
                        
                          N
                        
                      
                      
                    
                    
                      
                        K
                      
                      
                        y
                        ,
                        i
                      
                    
                    =
                    0
                  
                
              
              	
                (13) 
				
              
            

          

        

        
          
            
              	
                
                  
                    
                      
                        ∑
                        
                          i
                          =
                          1
                        
                        
                          N
                        
                      
                      
                    
                    
                      
                        K
                      
                      
                        x
                        ,
                        i
                      
                      
                        2
                      
                    
                    =
                    
                      
                        N
                        -
                        1
                      
                    
                    
                      
                        S
                      
                      
                        y
                      
                    
                    
                      
                        
                          
                            S
                          
                          
                            x
                          
                        
                        
                          
                            S
                          
                          
                            y
                          
                        
                        -
                        
                          
                            S
                          
                          
                            x
                            y
                          
                          
                            2
                          
                        
                      
                    
                  
                
              
              	
                (14) 
				
              
            

          

        

        
          
            
              	
                
                  
                    
                      
                        ∑
                        
                          i
                          =
                          1
                        
                        
                          N
                        
                      
                      
                        
                          
                            K
                          
                          
                            y
                            ,
                            i
                          
                          
                            2
                          
                        
                        =
                        
                          
                            N
                            -
                            1
                          
                        
                        
                          
                            S
                          
                          
                            x
                          
                        
                        
                          
                            
                              
                                S
                              
                              
                                x
                              
                            
                            
                              
                                S
                              
                              
                                y
                              
                            
                            -
                            
                              
                                S
                              
                              
                                x
                                y
                              
                              
                                2
                              
                            
                          
                        
                      
                    
                  
                
              
              	
                (15) 
				
              
            

          

        

        So the error variances of the estimators are presented in Eqs. (16)~(18). Note that Eq. (16), (17) are unbiased.
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        2.2 Cost function for optimal anchor placement
        The variances Ex and Ey depend on both the target position and anchor placement. Since Ez is a weighted sum of Ex and Ey, we aim to minimize Ex + Ey. But there still remains a significant challenge: designing an anchor layout that is optimal for a target at an unknown location.

        To overcome this dependency, our primary goal is to derive a cost function that is independent of the target’s coordinates. To eliminate the target-dependent d^i terms, we introduce a practical assumption common in many ground-based systems, which we term the Equidistance Assumption. We assume that the target’s height zt is sufficiently large (zt≫xt,yt), meaning the target’s altitude is significantly greater than its horizontal displacement relative to the geometric center of the anchor array. Under this assumption, the range from the target to each ground-based anchor becomes dominated by the altitude component zt.

        In the case, as shown in Eq. (19), the differences in ranges among the anchors become negligible and the range from the target to each anchor can be approximated as a constant value di ≈ dj.
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        This allowing us to set d^i=d for all i=1,…,N. Substituting the approximation in Eq. (19) into the variance expression yields Eq. (20). This makes the error variances independent of the target position:
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        Based on Eq. (20), we define the cost function for optimal anchor placement as in Eq. (21). This cost function represents the normalized sum of Ex and Ey.
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        This can be rewritten as Eq. (22), where ρxy is the sample Pearson correlation coefficient.
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        The cost function C(x,y) is minimized when x and y are uncorrelated(ρxy = 0) and the variances Sx and Sy are maximized.

        However, it is difficult to find an analytic solution for x and y minimizing C(x,y) when x and y are constrained within a given region. Hence, we propose using a heuristic search algorithm. Among various heuristic approaches, we employ the Modified Reinforcement Learning Algorithm(MORELA)[16], a metaheuristic global optimization method that avoids local minima by iteratively focusing its search on promising regions of the solution space. Other heuristic algorithms—such as genetic algorithms, simulated annealing, and QPSO—have yielded essentially the same anchor placements.

      

    

    

  
    
      Ⅲ. Experimental Results
      In this section, we assess the optimality of the proposed anchor placement for a given region by evaluating the total estimation error variance E:=Ex+Ey+Ez through numerical simulations. The proposed placements are compared with random anchor placements within a given region, tested across seven target positions on a circle at height 3: t1 = [0,0,3]T and tk = [cos(2π(k-2)/6), sin(2π(k-2)/6), 3]T for k = 2, …, 7.

      The optimal anchor placement is determined using MORELA, with a learning rate of α = 0.8, a discount factor of γ = 0.2, T = 2000 iterations, and K = 20 sub-environments. The initial exploration range is set to 1.0 and decays by a factor of β = 0.99 per iteration. A minimum distance of dmin = 0.1 between anchors ensures distinct placements.

      All measured distances are corrupted by additive i.i.d. Gaussian noise with zero mean and a standard deviation of σ = 0.01. One million Monte Carlo trials are conducted for each anchor placement to compute the error variance. Given the impracticality of evaluating the error variance performance for all possible anchor placements within a region, we compare the proposed method with randomly selected anchor placements. We evaluate 2,000 random anchor placement sets per region: 1,000 within the region (including the boundary) and 1,000 on the boundary, since optimal placements tend to lie on the boundary. The regions considered are:

      
        	1. Circle: x,yx2+y2≤1


        	2. Square: x,y-1≤x,y≤1


        	3. Pentagon: A pentagon with vertices cos⁡2πk/5, sin⁡2πk/5k=0,1,…,4


        	4. Non-Convex Pentagon: A pentagon with vertices cos⁡2πk/5, sin⁡2πk/5k=0,1,…,3 and (0,0)


      

      Fig. 1, 2, 3 and 4 illustrate the proposed optimal anchor placements for various numbers of anchors (N=3,…,6) deployed in the four regions described above. For the unit circle, optimal placements maximize Sx and Sy to 1 and minimize Sxy to 0. In polygonal regions, some anchors are positioned near vertices to maximize Sx and Sy while minimizing Sxy.
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          Proposed anchor placements in the unit circle
        
        

        

      

      
        
        

        Fig. 2. 
				
        

        
          Proposed anchor placements in the square
        
        

        

      

      
        
        

        Fig. 3. 
				
        

        
          Proposed anchor placements in the pentagon
        
        

        

      

      
        
        

        Fig. 4. 
				
        

        
          Proposed anchor placements in the non-convex pentagon
        
        

        

      

      We examined how the target altitude affects localization error for a single off-center target t=0.95,0,ztT while keeping the six ground anchors fixed on the unit circle in the proposed placement. We swept zt∈0.2,0.3,0.5,0.7,1.0,1.5,2.0,3.0 and compared the proposed layout for N=6 against Random-Best (best of 100 random layouts under the same constraints). Fig. 5 shows MSE versus altitude. From about zt = 2 onward (i.e., zt ≥ the maximum inter-anchor distance), the equi-distance assumption is valid and for zt < 2, the assumption starts failing.

      
        
        

        Fig. 5. 
				
        

        
          MSE versus target altitude zt. Proposed (red) vs. Random-Best (blue)
        
        

        

      

      Fig. 6, 7, 8, and 9 present the total variance E for each target t1,⋯,t7 of the proposed optimal anchor placements for various numbers of anchors (N=3,…,6) in the four regions. The label `Avg' denotes the average variance across all targets. Red solid lines represent the total variance of the proposed anchor placements, while blue lines denote random placements. Although some random placements may outperform the proposed ones for specific targets (e.g., Fig. 6(a)), the proposed placements consistently achieve the lowest average error variance across all targets.
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          Target estimate error variance performance in the unit circle: proposed versus randomly selected
        
        

        

      

      
        
        

        Fig. 7. 
				
        

        
          Target estimate error variance performance in the square: proposed versus randomly selected
        
        

        

      

      
        
        

        Fig. 8. 
				
        

        
          Target estimate error variance performance in the pentagon: proposed versus randomly selected
        
        

        

      

      
        
        

        Fig. 9. 
				
        

        
          Target estimate error variance performance in the non-convex: proposed versus randomly selected.
        
        

        

      

    

    

  
    
      Ⅳ. Conclusion
      The proposed optimal anchor placement strategy, developed without prior knowledge of the target position under the equidistance assumption, provides optimal anchor positions for ground-based multilateration. Simulation results confirm that the optimal anchor placement, obtained using the MORELA heuristic search algorithm, consistently achieves lower mean squared error (MSE) in target position estimates compared with random anchor placements. As future work, we will validate the proposed approach in real-world settings. We plan to implement a prototype and run field trials in representative environments to assess accuracy and robustness.
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