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3-Dimensional Two-Points Correlation Function for Comparing
Biological Fiber Networks

Doyoung Park*

Abstract

Measuring the difference between two biological networks on a cellular level is infeasible. In order to compare
3-dimensional (3D) biological networks, we need to devise a quantitative and efficient heuristic tool. This paper
suggests using Two-Point Correlation Function (TPCF) as this heuristic tool. TPCF is the probability of two points
being in a same region at the same time. Specifically, we developed the 3 dimensional TPCF in order to get
characteristics of a 3D biological network. By transferring the characteristics of a biological network onto a
2-dimensional space, we can identity the difference between biological networks in an easier way. In the future, we
plan to develop a parameter that gives us a numerical value to imply the complexity of a 3-dimension biological
fiber network.

[0 e]
4 5

AZ 29 F 719 AZ BE B2 vELD Aol9 AolE SAshs AL &7bssitt webA, 33
YA B2 vEHIES Hlwshy] Helde FFHolx TeZ THF s ugks] ¥ Farvt 9l
o o] =i 9 2 A WS 9fs) TPCF(Two-Point Correlation Function)s ©]-&3t= A& A|qHh

w =g A 3k

o TPCF= 7 789l Aol FAldl 22 990l sl 2 &&= Hojdnt. 5¥5,
A=A ES A EAE EA] A 3adA TPCFE MEsidith & =82 349 TPCFE ©] &5}
dojdl A=A vEHDS 54L& 22 IR FIFEN, Beh 94 A= vE Al 2o
€ AT F Aee BTt ol EUE, 3x94 A= Adft(Fiber) UE DY EHEE HAT 9
T T4 #E BoE & Sle yevHE e AL Addth

Keywords
biological network, TPCF, two-point correlation function, parameter, complexity

* State University of New York, Old Westbury, NY, USA - Received: Dec. 01, 2021, Revised: Dec. 22, 2021, Accepted: Dec. 25, 2021
- ORCID: https://orcid.org/0000-0002-7267-4288 - Corresponding Author: Doyoung Park
Department of Mathematics, Computer & Information Science, State
University of New York, Old Westbury, NY, USA,
Tel.: +1-516-628-5642, Email: parkd@oldwestbury.edu


https://crossmark.crossref.org/dialog/?doi=10.14801/jkiit.2022.20.1.57&domain=http://ki-it.com/&uri_scheme=http:&cm_version=v1.5

58 3-Dimensional Two-Points Correlation Function for Comparing Biological Fiber Networks

| . Introduction

One purpose of tissue engineering is to develop
hybrid tissue constructs that replace either a part of or
the whole biological tissue. To offer support and
shape, these hybrid tissue constructs often consist of
cells embedded in fibrillar scaffolds that are made of
micron-sized polymeric fibers.

In tissue engineering, a biofactor (e.g., cells, genes,
and proteins) is implanted into a porous degradable
material called a scaffold. Scaffolds play an important
role in tissue regeneration by preserving tissue volume,

temporary
Various materials  (e.g.,

delivering  biofactors, and providing
mechanical function [1].
ceramic and polymers), especially polymers, have been
used for tissue scaffolds. Polymers have been largely
used for scaffold materials due to their excellent
processing properties [2]. Fibrillar polymeric scaffolds,
which are made of micron-sized polymeric fibers, have
received widespread attention as versatile extracellular
matrix-like materials that have induced a synthesis of
tissues and organs, or cell carriers. These provide the
structural support for cell attachment and subsequent
tissue development.

Apparently, the polymeric fibers form a network
which naturally exists as a 3-dimensional structure.
Recognizing the level of complexity in a biological
fiber network is one way to improve the quality of a
hybrid tissue construct. In this paper, we propose a
new method to simplify the -characteristics of a
3-dimensional  biological fiber network onto a
2-dimensional. This will allow us to compare any two
3D biological fiber networks in an easier way.
Specifically, our study utilizes this method in order to
compare the complexities between biological networks
(see the Fig. 3(a) for example) formed by poly-e
-capro-lactone (PCL) fibers having diameters within

the 5-20 pum range.

[l1. Related Works

There have been previous several research studies
that have compared biological networks by developing
a parameter. Recently, Maria et al. [3] suggested
several parameters based on a minimum spanning tree
(MST) to determine the level of randomness (or
regularity) of a child brain network. Extreme
topologies of MSTs have a star-like tree on one end
and a line-like tree on the other end. One specific
parameter developed by them is a tree hierarchy
parameter. Physically, the parameter has the purpose
of balancing the reduction of longest paths between all
nodes and overload prevention. The value of the
parameter lies between 0 and 1. If the brain network
is a line-like topology network, the value approaches
0. If the brain network is a star-like topology, the
value approaches 0.5.

Centrality analysis is also useful for analyzing
biological networks and helps us to understand the
underlying biological process. For instance, Newman
listed several different types of centralities in his
survey [4]: degree centrality, eigenvector centrality,
Katz centrality, closeness centrality and betweenness
centrality. In degree centrality, an important node is
involved in a large number of interactions. Physically,
this centrality indicates how well a node is connected
in terms of direct connections. This parameter can be
seen as an index of the node's communication activity.

In eigenvector centrality, a node is central if it has
many central neighbors. Katz centrality, a general case
of the degree centrality measures the number of all
nodes that can be connected through a path while the
contributions of distant nodes are penalized. In
closeness centrality, an important node is typically
close to, and can communicate quickly with, other
nodes. It is based on proximity and measures how
easily a node can reach other nodes in a network.
Thus, it represents the measure of independence or

efficiency of the node. Physically, it measures the
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mean distance from a node to other nodes. Finally,
betweenness centrality of a node refers the number of
paths passing through the node. Betweenness centrality
represents how important a node is in terms of
connecting to other nodes. So, it is useful as an index
of the potential of a node control over communication.
Physically, it is the number of geodesic paths passing
through a specific node.

Newman also proposed a ‘local clustering
parameter’. This parameter, physically, indicates the
average probability that a pair of a node u’s neighbors
are neighbors to each other. In relation to the local
clustering, the concept of a ‘structural hole’ deserve
attention. The structural hole refers to the missing
links between neighbors (we actually expect that those
links exist). If the local clustering has a low value, it
is believed that there exist many number of structural
holes.

Aside from studies focusing on biological networks,
there are several research studies in the literature on
scale-free social networks. For example, Butts [5][6]
discussed ‘covariance’ as well as ‘structural distance’
parameters based on the adjacent matrix. These
parameters assume that the networks have the same
size. Physically, the graph covariance is simply the
covariance of the two adjacent matrices, taken as a
collection of edge variables. We can compute the
correlation with the covariance. Physically, this
correlation parameter means that the existence of a
specific edge between node u and node v is compared
between adjacency matrices.

Regarding Two-point correlation function (TPCF),
several properties of N-point probability functions were
examined by Frisch et al. [7] and Torquator et al. [§].
R. Ridgway et al. [9] used a 2-dimensional TPCF in
order to segment a mice placenta. F.Janoos et al. [10]
improved the computation cost and the achieved high
precision of segmentation on a 2D TPCF feature
space. L. Cooper et al. [11] developed a new fast and

deterministic method for 2D TPCF calculations.

Since the bilogical network exists natually in a
3-dimesinal space, we need to extend 2D TPCF to 3D
TPCF.

In the following section 3, we will discuss our
proposed method and describe how we developed
3-dimensional TPCF. Section 4 will present the results

of our approach and a future direction.

[ll. Method
3.1 TPCF

There are two regions in our fiber network data.
One is the region belonging to the foreground (that is,
the inner areca of a fiber). Let us call the foreground
FG. The other is the region belonging to the
background (that is, the area not recognized as fibers).
Let us call the background BG.

TPCF is a specific case of N-point correlation
function (NPCF). The NPCF can be represented as
S$(x, @y -, x,) where i is FG or BG.

The S(z,, @y -+, x,) represents the probability
of n points at positions z;, z, ---, z, being located
in the region i at the same time. Thus S”(z) as the
one-point correlation function represents the probability
of the position = belonging to the region . Likewise,
the .Sy"(x,, «,) as the TPCF is the probability of the
two points x,, x, being in the region ¢ at the same
time.

Any 3-dimensional image can be categorized by the

NPCF S as following: statistically inhomogeneous or
statistically homogeneous. If the value of S relies
on the absolute locations xz,, z, -, z,, the 3D
image is statistically inhomogeneous. If the value of
S,,f” is invariant when the image is translated, the 3D
image is statistically homogeneous. The statistically
homogeneous 3D image can be divided further:

anisotropic and isotropic. If S,E“ is affected by both
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the orientation and the magnitudes of the vectors
Tyy Tyz sy, Where xy =z, —x;, the 3D image
is statistically homogeneous but anisotropic. Finally, if

S% is invariant under rigid-body rotation of the

n

spatial coordinates and depends on the distance =,
the 3D image is statistically homogeneous but
isotropic. According to the categorizations above, our
experimental fiber network data is ‘anisotropic’.

Geometrically, S on a statistically homogeneous

but anisotropic 3D image represents the probability of
a polyhedron (located at positions z,, x,, ---, x,)
lying in the region ¢ when the polyhedron is
randomly placed in the 3D image volume at a fixed
orientation (i.e., over all translations of the polyhedron).
In the isotropic 3D image, S\ represents, geometrically,
the probability of a polyhedron just being randomly
placed in the image, (i.c., over all translations and
solid-body rotations of the polyhedron). Thus, if the
3D image is statistically homogeneous, S\ is invariant
when the image is translated and depends on
Ty = T, — T, rather than an absolute position. Further,
(i)

if the image is isotropic, S," is invariant with rotation

and only depends on a distance r ==z, —x, In this
case, S,,f” can be expressed in terms of the distance r

as S'(r).
3.2 3—-dimensional TPCF

S{F(y)  characterizes the fiber structure in our
experimental fiber network data. S\"9(r) is the

probability of the endpoints of the line segment
landing on FG after repeatedly throwing a line

2m L T

11
A AQ Af 2 A¢
_A9 A YOy

: (T) m 2m k=0 ks
1 kQ:?

segment of length » within the 3D fiber network.
Hence, the distribution of 5.7 (r) depending on the
value r represents the number of times that two points
are correlated with each other in a given 3D fiber
network.

In order to express S.7“(r) in a mathematical
form, we need an indicator function of the form of
I'(x,w) where x is a voxel in a given image and w
is the realization of a fiber network. The indicator

function is defined as:

i {1, z=0
I'ew)= {0, T&0’ M
In a 3D image of size, [ < m < n, S7(r) can be

calculated using an indicator autocorrelation C'#¢

which is defined as follows:

CFN Az, Ay,Az) = )
EZZﬂFGj(Z,m,n)[(FG)(Z—I—Ax,m-I-Ay,n—l—Az)
I m n

where Az, Ay, AzEZ. Next, we normalize e to
calculate the probabilities. The normalized autocorrelation

with " is calculated as follows:

~(FG) D /e

O( = C(FO/ (1LXAJX N*1L><M><N) A3)
where 1, . 18 the L M N matrix filled with
1, /° represnts an elementwise division, and *

represents convolution.

Then, isotropic TPCF S\ (r) can be calculated as:

@

8F@(rcos(k1A0)Sin(k2A¢),rsin(klAG)Sin(kQAqS),rcos(k2A¢))
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where A@ and A¢ are angular intervals as shown in
the following Fig. 1. By using the Eq. (4) we can
sample the points of the autocorrelation matrix radially
on a southern hemisphere of the Fig. 1.

The Fig. 2(b) shows the 3D TPCF distribution
according to the distance » when it is applied on Fig.
2(a). Fig. 2(d) is the 2D TPCF distribution according
to the distance r when it is applied on Fig. 2(c).

X

Fig. 1. A6 and A¢ as angular intervals used in the
calculation of in Eq. (4)

(@) Example of a 3D image  (b) Eexample of a 2D image
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(d) TPCF distribution of the 2D image in (b)
Fig. 2. Examples of TPCF distributions

3.3 Transferring the 3D TPCF characterization
onto 2D space

In order to transfer the calculated .S,(r)
characterization onto a 2D space, we generate a
simple 2D image (Fig. 3(b)).

By applying the 2D TPCF on the simple 2D
image, we calculate the initial characterization P,(r)
of the simple 2D image.

Now, we update P,(r) until P,(r) is the most
similar to the target TPCF S,(r).

Mathematically, the updating process is defined as:

minZ:E7 where E= [PQ(T)—SQ(T)]Q Q)

In order to minimize the energy £ in Eq. (5), we
repeatedly exchange the locations of two randomly
selected pixels on the 2D simple image (one pixel
from the background and the other from foreground).
That is, with every iteration, one foreground pixel
becomes a background pixel and, at the same time,
one background pixel becomes a foreground pixel.

After each iteration, we have an updated 2D simple
image to be used to calculate an updated energy £
If the difference AE=E —E is below a predefined
threshold, we accept the exchange. Otherwise, we keep
the previous simple 2D image.

By iterating this process numerous times, we create
a finalized updated 2D image with the cumulative
directions to lower the cumulative energy. The
finalized 2D image is the 2D visualization of the
original 3D fiber network.

Fig. 3 shows an example of transferring the 3D
TPCF characterization of the fiber network shown in
Fig. 3(a) onto the 2D image shown in Fig. 3(b). Fig.
3(c) is the distribution of S,(r) depending on the 7 in
the 3D image shown in Fig. 3(a). Fig. 3(d) is the
distribution of Z,(r) depending on the r in the 2D
image shown in Fig. 3(b).
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a) Example of a 3D fiber network (b) Example of a 2D image
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(d) TPCF distribution of the 2D image in (b)
Fig. 3. Example of transferring the 3D TPCF
characterization of the fiber network onto the 2D image

Fig. 4 (a)-(d) show the results of the visualization
of the 3D fiber network in the 2D space based on the
image in Fig. 3(b) with iterations of the energy
minimization process.

Fig. 4(a) is the result after 10,000 iterations of the
energy minimization process in Eq. (5). Likewise, Fig.
4(b) is after 50,000 iterations, Fig. 4(c) after 100,000
iterations, and Fig. 4(d) after 200,000 iterations.

IV. Results and Discussion

We applied our proposed methods described above
on the 3D images shown in Fig. 5(a)-(c).

(© (d)
Fig. 4. Results of the visualization of the 3D fiber network
shown in Fig. 3(a) of the 2D space shown in Fig3. (b) by
iterating the energy minimization process shown in Eq. (5),
(a) Result of 10,000 iterations, (b) Result of 50,000
iterations, (c) Result of 100,000 iterations, (d) Result of
200,000 iterations

Those 3D images are produced with a confocal
microscope. Their resolutions are 0.9 pm in width
direction, 0.9 ym in height direction, and 0.6 um in
depth direction. In order to get the same resolution
(0.9 ym) in all directions, we resampled the image in
the depth direction.

Then, we applied a Gaussian kernel to the
resampled images in order to avoid noises.

To compare the complexities between different
biological fibers, we used the same initial simple 2D
image shown in Fig. 5(d).

After 90000 iterations in order to minimize the
energy defined in Eq. (5), we obtained the results
shown in Fig. 5(e)-(g): Fig. 5(e) is the 2D
visualization of the fiber network shown in Fig. 5(a),
Fig. 5(f) is the 2D visualization of the fiber network
shown in Fig. 5(b), and Fig. 5(g) is the 2D
visualization of the fiber network shown in Fig. 5(c).

As we notice in Fig. 5(a)-(c), the complexity of
Fig. 5(a) is the highest among those 3 fiber network
examples and the complexity of Fig. 5(c) is the

lowest among those 3 examples.
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© ()

Fig. 5. Comparison of 3-dimensional biological fiber networks
on the 2-dimensional space, (a)-(c) 3D biological fiber
network images, (d) initial 2D image, () the 2D visualization
of (a) based on (d), (f) the 2D visualization of (b) based
on (d), (g) the 2D visualization of (c) based on (d)

On the other hand, as shown in Fig. 5(e)-(g), the
distribution of the white pixels in Fig. 5(e) is spread
over all the areas inside the 2D image space and the
structure of the inner circle is well kept, while the
distribution of the white pixels in Fig. 5(g) is instead
toward the boundary of the 2D image space and the

structure of the inner circle is collapsed. Therefore, we

find noticeable differences on the 2D image space
according to the complexity of the biological fiber
network in two aspects, the distribution of the white
pixels and the structure of the inner circle.

We also conducted a quantitative analysis by
comparing the number of the white pixels in a circle
with a radius of 66 and whose center point is located
in the center of a 2D image. The number of the
white pixels in Fig. 5(d) is 13,673 which is almost
equivalent to 7 « (66)%

The following Table 1 shows the number of the
white pixels in a circle with a radius of 66 and
whose center point is located in the center of each
image in Fig. 5(e)-(g). As we see in the Table 1, as
the complexity of a 3D biological fiber network
becomes sparse, the number of the white pixels within

a circle is noticeably reduced.

Table 1. Number of the white pixels in a circle of with a
radius of 66 whose center point is located in the middle
of each image of Fig. 5(e)-(g)

In Fig. 5(e) In Fig. 5(f) In Fig. 5(g)

1,408 893 212

Since the 3D biological fiber network contains
depth information, it is normally difficult to compare
those biological fiber networks directly. However, by
transferring the characterization of the 3D biological
fiber network onto a 2D space, we can make this
comparison in a relatively easier way as seen in Fig.
S(e)-(g)-

In the future, we plan to develop a parameter that
gives us a numerical value to imply the complexity of
a 3-dimensional biological fiber network. Thus, we
expect to be able to quantify the level of complexity.

There are several research studies [12][13] on
developing a special measure from TPCF  directly.
Our approach differs from theirs in that we are
researching a way to quantify the complexity of a
biological fiber network by considering the two
aspects: 1) the distribution of the white pixels, and 2)

the structure of an inner circle on a 2D image space.
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